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We consider the blow-up of the solution in H’ for the following nonlinear 
SchrBdinger equation: 
iiu+du= - IuIp-‘u, XER”, ta0, 
(*) 
UK4 x) = U”(x.), .xER”, t=O, 
where n 2 2 and 1 +4/n <p < min {(n + Z)/(n - 2). 5). We prove that if the initial 
data u. in H’ are radially symmetric and have negative energy, then the solution 
of ( * ) in H’ blows up in finite time. We do not assume that xz+ E L2, and therefore 
our result is the generalization of the results of Glassey [4] and M. Tsutsumi [18] 
for the radially symmetric case. 0 1991 Academic Press, Inc. 
1. INTRODUCTION AND RESULT 
We are concerned with the Cauchy problem for the nonlinear 
Schriidinger equation: 
XER”, t>O, 
40, x) = %(X), 
where n>2 and 1+4/n<p<min {(n+2,)l(n-2),5>. 
(1.1) 
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It is well known that when p 3 1 + 4/n, there are solutions of (1.1) 
blowing up in finite time for certain initial data (see Glassey [4], 
M. Tsutsumi [18], and also Weinstein [20]). Recently, many authors have 
been studying the behavior of blow-up solutions near blow-up time 
[2, 8, 10-14, 19, 21, 223. Most of these results are proved for the blow-up 
solutions in H’(R”). Nevertheless, the blow-up solution for (1.1) has been 
proved only in the framework of H’(R”) n L’(R”; )xj2 dx). Because the 
proofs of the previous results are based on the pseudo conformal conserva- 
tion law, which is satisfied by the solution in H’(P) n L'(R"; ) x ) ' dx) (see 
[3]). When we consider the existence or nonexistence of global solutions 
for (1.1 ), N’(P) seems to be more natural than H’(P) n L2( R”; ) x I* dx). 
Furthermore, some numerical computations suggest that the weight 
restriction of L*(R”; 1 x 1 2 dx) is not necessarily needed for the blow-up of 
solutions. (See, e.g., Sect. 5 in [8].) 
In this paper, we prove that the radially symmetric solutions in H’(R”) 
of (1.1) (possibly not in L2(R”; 1 x I 2 dx)) blow up in finite time for certain 
initial data. 
We say that u is an H’(R”) solution of (1.1) when for some T > 0, 
u E C( [0, T); H’( R”)) and satisfies Duhamel’s formula, 
u(t)=U(t)u,+i Iu(t-t)lu(r)l”-‘U(5)d~, s 0 
where U(t) is the time evolution operator for the free Schrodinger equation. 
The existence of local H’ solution was established by Ginibre and 
Velo[3]: If 1+4/n<p<(n+2)/(n-2), then for any u,eH’(R”) there 
exist T > 0 and a unique solution u(t) of (1.1) in C( [0, T); H’( R”)) such 
that either T= 00 or T-C cc and lim,, T /VU(~)[\~Z= co, Furthermore, u(t) 
satisfies the two conservation laws 
IIu(t)llL2= Il~OllL2, (1.2) 
E(44) = E(uoh (1.3) 
where E(4) = II W II i2 - V/b + 1 MI 4 II $++t. 
(For more general nonlinearity, see Kato [IS, 61, Cazenave and 
Weisslar [l], and Strauss [17].) 
We write E, = E(u,). Our result is the following. 
THEOREM. Assume that n>2. Let 1+4/n<p< (n+2)/(n-2) (p< 5 if 
n = 2) and u0 be radially symmetric in H’(R”). Zf E0 < 0, then the H1 
solution u(t) of (1.1) blows up in finite time; i.e., for some T* c 00, 
I/Vu(t)llL2 + 00 as t + T*. 
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Remark 1. It follows from the uniqueness of solutions that if the initial 
data uO are radially symmetric, then the solution u(t) in H’ is also radially 
symmetric. 
Remark 2. The proof of blow-up in [4, 183 gives the upper bound of 
the blow-up time depending on n, p, /I u,, I( H1, E,, and 1) xuO I( Lo. That upper 
bound goes to infinity as I/ xuO I( L z --) co. However, our proof of the theorem 
gives the upper bound of the blow-up time depending only on n, p, 11 uO I( H1, 
and E, (but independent of (1 xuO 1) Lo). 
We split the proof of the theorem into the case p > 1+4/n and the 
critical case p = 1 +4/n. We first show the general identity (2.2) in 
Section II and take a suitable weight function Y in each case, which is a 
saturated function for x. We modify the argument due to Glassey [4] and 
M. Tsutsumi [lS]. Since we do not assume uO E L’(R”; )x I* dx), we cannot 
choose Y(x) =x as a multiplier. Therefore, we must treat the remainder 
terms which do not appear in the case Y(x) =x. 
The assumption of radial symmetry and Lemma 1 in Section II help us 
to deal with these terms. We often use the two conservation laws (1.2) and 
(1.3). The analogous method appears in [ 151 for the case of the nonlinear 
Klein-Gordon equation. 
In what follows, we omit the integral variables with respect to the spatial 
variable x, and we also omit the integral region when it is the whole space 
R”. We abbreviate L4(Rn) and H”(R”) to Lq and H”‘, respectively. We 
denote the norm of Lq by 11. II q. Various constants are simply denoted by C. 
II. LEMMAS 
In this section, we prepare two lemmas. The first one is concerned with 
a radially symmetric function in H’ which is due to Strauss [16]. 
LEMMA 1. Let u be a radially symmetric in H’(R”), and n 3 2. Then for 
any R > 0, u satisfies 
where r = I x I and C is a constant independent of u and R. 
(2.1) 
The second lemma is the key identity to obtaining our result. The 
following is the general version of the estimate obtained by Lin and Strauss 
[9] (see also Kavian [7]). 
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LEMMA 2. Suppose that Y is a vector valued function in ( W3*oo(Rn))n 
and 1 <p< (n+2)/(n-2). Then the H’ solution u(t) of (1.1) satisfies 
Im Yu,Vii,-Im !Pu(t)Vii(t) s 1 
where aJx)=ViYj(x) for i,j= 1,2, . . . . n. 
Proof of Lemma 2. We first assume that u. E H2(R”). For this case, the 
solution becomes a strong solution in C( [0, T); H2) n C’( [0, 7); L2) which 
satisfies (1.1) in the sense of L2(R”) (see, for example, [S, 173). We note 
that the existence time T of the strong solution is the same as that of the 
H’ solution. Multiplying (1.1) by Y .Vzi and integrating by parts, 
i$[ YuVii+ijV.Yuzi,-2 ja,V,uV,z?+ jV.Y lVz.412 
2 
=- v. Y (u(p+‘. 
P+l 5 
Substituting (1.1) into (2.3) and taking the real part, 
P-1 = -- v. ylulP+l. 
P+l s 
(2.3) 
These calculations are rather formal. For more details, see [7]. Integrating 
(2.4) over [0, T), we obtain (2.2) for u(t) E C( [0, T); H2(R”)). For an H’ 
solution, we approximate the initial data u. with H2 sequence { uon}, 
n = 1, 2, 3 . . . . For each uOn, we can construct the strong solution u,(t) of 
(1.1) in a certain common time interval, and u,(t) converges to the H’ 
solution u(t) in H’ uniformly in t as uon -+ u. in H’ (see Kato [S] ). Thus 
we obtain (2.2) for this subinterval, which depends only on the H’ norm 
of the initial data (but not on the H2 norm). Repeating the above 
procedure, we obtain (2.2) as long as u(t) exists. 1 
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III. PROOF OF THE THEOREM FOR 1 + 4/n <p 
In this section, we prove the theorem for 1+4/n <p <min{(n + 2)/ 
(n - 2), 5). We assume that the solution u(t) exists globally, that is, for 
t E [O, co), and derive a contradiction. 
Let q4 E C’( [0, co)) and be such that 
and 
r, O<r<l, 
4(r) = smooth, l<r<2, 
3 29 2 d r, 
0 < 4’(r) < 1. 
Let m be a large positive constant to be determined later. We put 
Clearly 
I I $4,(I) <ST for k = 0, 1, 2, 3. 
Take Y in (2.2) of Lemma 2 as follows: 
y(x) = ul,(x) = f fL(r), 
A simple computation shows 
where r= 1x1. 
(3.1) 
.w 
> r3 ’ 
mcrc2m, (3.2) 
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where i, j = 1, 2, . . . . n and 
d(V. ul,) = CT(r) 
r-cm, 
mcrc2m, 
2m<r. 
(3.3) 
From (3.1), 
C(n) 
I o(r)1 G 2’ for m < r. m 
(3.4) 
Substituting the relations (3.2) and (3.3) into (2.2), we have 
-1m ‘Y,uVti+Im !P~u,Vz& 
J‘ s 
= 
I[{ 
’ 2 
0 
I<M IW+2 Jm,,,,, c&i WI2 
n(P- 1) -- 
s 
p+l P-1 
p+l r<m 
Iul 
P+l J 1 
4:,+ 
m<r<2m 
Here we have used the fact that 
a.e. in R” for all redially symmetric u in H’. 
From (1.3), we see that 
NP- 1) -- 
s Iul 
If.4jp+l. 
p+l r<m 
(3.6) 
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Moreover Lemma 1 and Holder’s inequality give us 
s IUI 
P+~~c~-~-I)cP-~)/~ jlu~~y+3)/2 
?il<r 
(lmcr ,vuI’)~p-1~‘4 (3.7) 
Put y = (n - l)(p - 1)/2. Since 0 <& < 1, it follows from (3.5), (3.6) and 
(3.7) that 
- Im 
s 
ul, u VU + Im 
s 
Ym uOVUO 
+Cmpy ll~lly+~)‘* /IVUI~:P~~)‘~+C,~-~ (3.8) 
where we have used (3.4). For a small E > 0, set 
R=n(P-l)-4 
2 - 
E > 0. 
We have, by the assumption of p and Young’s inequality, that the 
integrand of the right-hand side in (3.8) is dominated by 
+C,(~,n)m-4y~‘5-p) II.Il:2p+6)‘(5-p)+C2m-2 l[ull:. (3.9) 
By the assumption E, < 0 and the L2 conservation law (1.2), we can choose 
m so large that for any t>O, (3.9) is bounded from above by 
--E-Rj IVu(‘, 
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for some ,!?> 0. Thus we obtain 
>Im ‘y,uOViiO+ tE 
I 
+ II ul, II ‘, II uo 11: 0 
R [‘(Imj Ym.Vti)2dr. (3.10) 
From (3.10) there exists T’ < cc such that for t > T’ we have 
Im YmuVii>O. 
5 
Therefore by solving (3.10) on [T’, cc ), we have 
Im Y’,uVii> 
i 
1 
Y(T’)-At’ 
t 2 T’, (3.11) 
where Y(T’)=Imj !PmuVtiI,=., and A is a positive constant. Since we 
have 
Im s YmuVfiG II ul,ll, 11412 llW12=3~ol12 IIW12, 
(3.11) leads to a contradiction. This proves that )I Vu( t)ll z blows up in finite 
time. 1 
Remark. Even when E. 20, we can prove the blow-up for a certain 
class of uo. Suppose that E. > 0 and for some m > 0, u. satisfies 
Imj Y~uoVz70>3mi~112[~{~Eo 
II 
112 +Clm-4Yi(5-P) IIuoII$+6)/(5-~)+C2m-2 II~oll: 
= 01, 
where constants R, C,, and C2 are the same ones as in (3.9). Then, putting 
6 = 2/(5 -p), we easily deduce from (3.8) that 
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+Clm-26’ (IuoIJ,S(p+3)+Czm-2 IIz~~~/~ 1 dz 
Therefore 
for t > 0. In the same way as in (3.11) we see 
Im 
s 
YmuVU--cc-+ 00 as t-,T* 
for some T* < co. 
Roughly speaking, the above observation means that if the “dilation 
factor” of the initial data near the origin is strongly directed toward the 
origin, then the blow-up can occur even for the positive energy solutions 
(see, e.g., [18, 201). In the other case, however, we do not know whether 
the positive energy solution exists globally or blows up in finite time except 
for the small amplitude solutions and the standing wave solutions. 
IV. PROOF FOR THE CRITICAL CASE 
In this section, we prove the theorem for p = 1+4/n. In this case, the 
previous method does not work. We assume that the solution u(t) of (1.1) 
exists globally in time and prove the theorem by contradiction. We take 
another weight function ‘Y in (2.2). Let 4 be 
r, O<r<l, 
r-(r-1)3, 3 l<r<l+T, 
4(r) = 
smooth, 4’ < 0, 3 1+3<rt2, 
2 d r. 
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Similarly we set, for some m > 0, 
Y(x)= !P,(x)=ffj,(r)=~my5(~), 
where r = )x 1. It is clear that this Y(x) also satisfies (3.1). Instead of (3.5), 
we have 
-1m !PmuVii+Im Yy,u,Vii, 
s s 
=Jb’ ~2~~-2j~<~a(r)lVu12+~~~<~b(r)l~lz+4~~ 
1 -- 
2 f o(r)1 ul* dT, I 
(4.1) 
m<ri2m 
where we set 
u(r) = 
i 
1 - &(rh m<rr<m, 
1, 2m<r, 
b(r) = 
I 
n-&(r) - v Ah-), m-cr-c2m, 
6 2m<r, 
and 
c(r)=f$s(r)+(n-1) :d,(r)+ 
1 
By Lemma 1, we have for E > 0 
2C 
< - m --p (1 u I( z (( bni4u (1 i’” 
n+2 > 
l/n 
IV(b”‘4u)12 
GE 
I 
IV(bni4u)12+C(c)(C(n)m-P \lulll ))b”‘4~)I:in}n’(n-1) 
m<r 
6 2E j 
m<-r 
b”‘2 )Vu12+2E s,<, (u12 (Vb”/412 
(4.3) 
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where p = 2(n - 1)/n. We remark that 
,vb”‘4, <;, for m <r, 
In fact, for m<r<(l+*/3)m 
CC r-m cn-2)i2(C 
0 ‘m m ‘m’ 
and the estimate for (1 + $/3) m < r is easier. Therefore, from (4.1), (4.2) 
(4.3), and (3.1), we obtain 
-1m YmuVG+Im !PMu,VU, J J 
<J:{=o+2Jm<r (cb”“(r) - a(r))lVu I2 
+2& lu12 (Vb”/412+C(~,n)m-2 l(bll$2”-22) JIUII:“+1)‘(2n-2) J 
+tJ mi,<2m ldr)l lu12} k 
4: {=o+2 s,<r (&b”“(r) - a(r)) 1 Vu 1 2 
+m-2(2.sC, )I~(I:+C(E,~)~~~)I~‘~“-~‘)~U(I:~+’)’(”+~)+C~ Ilull:) dz, 
i 
(4.4) 
where the constants C, and Cz are independent of E and m. 
We show that for suficiently small E > 0, 
cb”12(r) -a(r) < 0, m < r. (4.5) 
Inequality (4.5) is valid for (1 + d/3) m < r, because 
b(r) < C and a(r) > 1, 
where C is independent of m. 
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In the case m<r<(l+,,/?/3) m, a simple computation gives us 
~b”l~(r)-o(r)<e[~(lm,“)1(L+f$)~-~’~;? (4.6) 
Since 
3(r-m12< 1 
m2 
9 for m<r<(l+J5/3)m, 
(4.5) follows immediately from (4.6) by choosing 
,<( l+$‘- 
Note that E, which is taken as above, is not dependent on m. Hence we can 
choose m in (4.4) sufficiently large that for some q > 0, 
-1m Y~uVii+Im !P~uoVUo 
s s 
< 5 d {2E,+m -2(w~ n)ll u 11: 
+C(&,n)llb11~(2”-2’ llul):“+1)‘(*“+2)} dT 
< --qt. (4.7) 
Put Q(r) = j: QJs) ds. Since @E L”(R”) and 
V@(r) =: 4Jr) = ul,(x). 
From (1.1) we have 
= jY~uv~+j~lvu12-j~Iu12+4’“. (4.8) 
By taking the imaginary part of (4.8), 
&j~Iu/‘=2Rej*uu,=-2Imj~~uVu, for TV [0, co) (4.9) 
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(for the first identity of (4.9), see, e.g., Lemma 11.2 in Kato [6]). It follows 
from (4.7) and (4.9) that 
(4.10) 
Therefore the left-hand side of (4.10) becomes negative in finite time, which 
implies a contradiction, since Q(r) > 0 except when r= 0. Hence the 
solution must blow up in finite time. 1 
Concluding Remark. Our theorem does not cover the case n = 1. 
However, combining the proof in this paper and the scaling argument, we 
can obtain a similar (or somewhat better) result for n = 1 and p = 5, which 
will appear elsewhere. 
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